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okazaTenbcTBO TeopeMbl 11ron30 a5t HEKOTOPOro KJjiacca
ajirebpandyeckux ypaBHEeHU

bysypubni M.J.

Ucaak Hpioron B mucbme kK OJblieHOYPry HM3JIOXKWI UJIEI0 aJTOPUTMA
MOKMCKa perrieHns ajrebpandeckoro ypashenus F'(z,w) = 0 B Buze psia c
JIDOOHBIM TTOKa3aTe/eM CTeleHn mnepemMerHoit z. Ceiffyac OH HOCUT HAa3BaHUE
MeToa arnarpaMmMbl HeioTona. B nociencrsun Bukropowm [Tionszo ObLI ToKa3aH
TOT (haKT, YTO MOyIaeMble METOIOM ArarpaMMbl HbIoTOHA pereHns cxomnsarcest
B HEKOTOPOI OKPECTHOCTH HYJIs. DTOT (paKT HOCUT HazBaHue Teopembl [lron3o.

Cute Ly 1o1uM 3TaloM pa3BUTHS HHTEPECa K STOMY BOIIPOCY cTaju pabOThl,
UCIIOJIb3YIOIINE TEXHUKN, SKBUBAJIEHTHBIE pa3PEIIEHUI0 0COOEHHOCTEN aJIredOpanIecKmx
KPUBBIX B COBPEMEHHOI T€PMUHOJIOTUN.

Teopemy [Ib10M30 MOXKHO TaKzKe IMOJIYIUTDb U3 UWHBIX COOOpaKeHU, HAITPUMED,
U3 pasJyioXKeHus MHOToUIeHa F'(z, w) B IpousBe/ieHe HElTPUBOUMBIX MHOIOUJIEHOB
BeitepmTpacca orHOCHTETLHO IepeMeHHO# z. PaccMaTpuBas OT/IE/THbHO KazK b
HEITPUBOJIMMBINT MHOTOUJIEH, MOYKHO ITOCTPOUTD JIOKAJTbHYIO ITapaMEeTPU3aIIAIO
ompeiesgeMoit UM BeTBU KpuBoil. Kaxk1oe n3 hopMaIbHBIX pelennil ypaBHeHus
F(z,w) = 0 coBmaiaer ¢ OJHON M3 IMOJYUIEHHBIX MapaMeTPU3alnii, U Tem
CaAMBIM SBJISETCS CXOISIITIMCS.

JL71s1 HEKOTOPBIX KJIACCOB YPaBHEHMI JI0KA3aTeIbCTBO TeopeMbl [Ibion3o
MO2KET OBbITH ITOJIYIeHO €3 HCIIOIb30BAHNS PACCMOTPEHHBIX BBIIIE KOHCTPYKITHIA.

B nacrosimeit pabore IpUBOIUTCS OJMH TAKON KJIacC YpaBHEHUMN, Y KOTOPBIX
K03 burmenTsI - cxomsdiuecs psaabl [Ibton3o. IlokasbiBaeTcst, 9T0 Bce CXOAAIIEC S
pelieHns MOYKHO IOJIYYHTh cpa3y Ke 1o jauarpamme HbioToHa MCXOIHOTO
yPaBHEHHUs, U, B YACTHOCTH, OIIyCTUTDH IPOMEXKYTOUYHbIE pa3pelieHus 0COOEHHOCTEI.

Onpenenenue 1. Psadom [Ivrouso ¢ 00moti nepemennots Ha3vi8aemcs Gopmarvroe
anzebpauveckoe suipastcerue 8uda

+oo
f(z)= Z apzm,
n=ng
2de no— wyeaoe, m—namyparvroe (npu m = 1 noayuwaemcs pad Jlopana),

Koapppuyuenmol a,, 6eEPYMCA u3 HeKomopo2o Koavua R.

Onpepenenne 2. Juazpammoti Horomona N (F') ypasrenua (1) nasvisaemes
MHOIHCECTNEO KOMNAKMHUT 2panel] Heo2panuyuernozo noausdpa c.h.(UPg), 2de
Ps ={(B,s) : s > a}, c.h.- convex hull (swnykras oborouxa).



Cdopmynupyem 0CHOBHO# pe3y/IbTaT HACTOAIIEH PabOTHI.

Teopema 1. I[Tycmwv ypasnenue F(z,w) = 0 maxoso, wmo xastcdoe
pebpo ez20 duazpammo. Horomona 1e codeporcum ueavis mover, OmausHbT om
sepwunnoir. Tozda kasicdoe ez2o pewenue, NOAYUAEMOE C NOMOULHIO AN2OPUMMA
Hwviomona, asasemces cxodauumces padom IIvrouso.

JlokazaTeTbCTBO TEOPEMBI ONTUPAETCH Ha P BCIIOMOTATE/THHBIX YTBEPK ICHUI.
OTcrofia ¢ OMOIIBIO TEOPEMBbI O BbIUETaX IOJIYIaeTCs

Teopema 2. (0 sozapupmuneckom svueme) lHycmv G C C—oeparuuennasn

obaacmy ¢ kycouno-2aadkol epanuyetd u f € O(G) umeem 6 G Konewnoe

wucao nyaet a; € G kpammnocmeti pj. Toeda das mobot ¢ € O(G)

1 [ odf
i 907 = ZMM(CLJ’)-

oG J
Teopema 3. (A.Il. FOocaxos) Ypasrerue ®((, z) = 0 umeem 2o0aomopgdnoe

6 oxpecmmocmu ¢ = 0 pewenue (6emev) suda

z=2z(() = chck.

k>2

[IpomytocTpupyeM Ha mpuMepe, Korjaa Teopema 1 OblcTpee TTPUBOIUT
K IeJIM, YeM TeXHHUKa pa3pelieHns 0COOEHHOCTeH aaredpanieckKux KPUBBIX.
Paccmorpum ypaBHeHnue Bujia

G(z,w) = az®w’ + Z aijz'w’ =0
i+j>a+8

U yJIOBJIETBOPSIOIIee ycaoBusaM TeopeMbl 1. [lannas dyHKIms umeer ocoOyio
rouky (0,0) mopsiyika o 4 5. Tlocsie mojcTaHOBKU 2 = U, W = VU TOJLY IUM:

utP (av® + Z WO = 4G (u, v) = 0,
i+j>d

oTKysa BrHo, aTo Touka (0,0) ocraéres ocoboit u s dynkmmn G(u, v).
Cesi3aHO 9TO € TeM, UTO KacaTeabHbli KoHyc B Touke (0,0) s Kpupoii
G(z,w) mMes KpaTHble KOMIIOHEHTHI (KOMIOHEHTY z = ( KpaTHOCTH & U
kommonenty w = 0 kparaoctu ). [lo KoncTpyKium pasperienus HeoOX0 MO
IPOJIOJIZKATH Pa3/lyTHe 0CO00I TOUYKU, T.e. TpedyeTcs KaK MUHUMYM OOJIbIIe
OJIHOTO Imara. Bwmecre ¢ TeM, HCIOIB30BaHUE TEOPEMBI 1 cpasdy MO3BOJISET
HOJIy9UTh CXOJISIIEECs PElleHIe.



HnmmHIpIIHOCTE TPeXMepHBIX MHOT00Opasnit Mano
pora 9 u 10

Bupun H. A.

Bce paccmaTpuBaeMbie MHOIOOOPa3Usi CINTAEM OIPEIeICHHBIMU HAJT IT0JIEM KOMILIEKCHBIX
qucen C. [[uaundpom HazbiBaeTcs ajredpamdeckoe mMHoroobpasue U, KoTopoe m30MOpdHO
Z x Al riie Z — HekoTOpoe KBasUIIpoeKTHBHOEe MHoroobpasue. Muoroobpasue X HazbIBaeTCa
YUAUHOIPUYECKUM, €CTTH OHO COJIEPXKUT OTKPBITOE TI0 3aPUCKOMY MHOXKECTBO U | SBJIIIOIIEeCs
mrHApoM. O630p o mmmHApax B MHOroobpasusx Pano MoKHO Haiitu B pabore [2].

WNuTepec K MUIMHIPUIECKUM MHOIOOOPa3usaM Ipou3oiiest u3 adpdunnoit reomerpun. Ilyctn
muoroo6pasue X npoektusro u X — PN — ero npoekrusnoe Bioxkenue. B pa6ore [4] pac-
CMOTpEH CJIe/IyIOIHil ecTecTBeHHbI Bonpoc: Koraa adbdunnbii konye AffCone(X) ¢ ANH
Hag X gomyckaeT 3ddeKTuBHOE JaeiicTBre a IuTHBHON Irpyuubl (G, . E| OnuH 13 BO3MOXKHBIX
KPUTEPUEB UMeET CJIeLY IOl BUI;

Teopema 0.1 (|5, Corollary 0.4]). Iyemv X C PN - 2aadkoe npoexmuenoe mmozoobpasue
¢ Pic(X) = Z. Toeda AffCone(X) donyckaem agpexmueroe G,-deticmeue mozda u moavko
mozda, xoeda X UUNUHOPUUHO.

3ameuanwue 0.2. CyriecTByer aHAJOTUIHBIN KPUTEPHil JjIsT MHOTOOOPA3Uil ¢ MPOU3BOJIBHOMN
rpyumnoii [Tukapa (cm. [5, Theorem 0.3]).

nnnaapudeckoe MHOTOOOpa3ue yHUJINHENYATO, CIe/I0BATe/IbHO, €r0 KOJanpoBa pasMep-
Hocth orpuiiaresnbia (em. [6, Corollary IV.1.11]). TTosTomy riajKue NUIMHJIPHIECKAE MHO-
roobpasus ¢ rk Pic(X) = 1 asasorces mHOrooopasusivu PaHo.

U3BecTHO, 9TO TpexXMepHBbIE MUINHAPHYECKHe MHOrooOpasus PaHo paroHATBHBI (CM.
[5]). IIpu sTOM HEM3BECTHBI TPUMEPHI TVIAJKIX PAIMOHATBHBIX MHOr00Opasuit PaHo, KOTophie
He SBJIIOTCS ITUTMH/IPUIECKIMA.

HanomuuM, uro podom tpexmeproro muoroobpasus Pano ¢ Pic(X) = Z[— Kx] nasbisa-
eTCsI YNCJIO K
-X

5
DTO YHCI0 TPUHUMAET Tiesible 3Hadenns, 2 < g < 12 u g # 11.
[Iycts X — mirajikoe TpexmepHoe MHOroobpasue Pano poja g ¢

g:=1-—

Pic(X) = Z[-Ky].

TOF,IL& IIPpO paloOHaJIbHOCTL U NUJIMHAPUYIHOCTL TaKHUX MHOFOO6pa31/H71 HU3BECTHO cJjieAyromiee:

'Eemn  addbunnbiit komye AffCone(X) momyckaer Taxoe geiicrme u dim(X) > 1, To rpymma
Aut(AffiCone(X)) aBromopdusmos Geckoneanomepna (cm. [1]).



1. Ecim g € {2,3,4,5,6,8}, To 0b1iee muOoroobpasne X He siBIsIeTCS PAIMOHATBHBIM 1, B
YACTHOCTH, He SABJIAeTCS IAINHIPHIECKUM. Bojee TodHo:

e Ecmn g € {2,3,5,8}, To s060e MHOrOOOpasue X He sBJISIeTCs PAIMOHATBHBIM.

e Eciu g € {4,6}, Torga obree MHOroo6pasme X He sIBJISIETCS PAIMOHATIBHBIM.
2. Ecu g € {7,9,10,12}, 1o s1060e MHOTOOGpasue X par@oHaIbHO.

3. Ecmu g = 12, To mo6oe muOroobpasue X spisercs nuuaapuaeckuM (em. [3, Proposition

5.2]).

B kmacce Tpexmepnbix muoroodpasuit @ano ¢ Pic(X) = Z[—Kx] orkpsiT Bompoc o 1u-
JUHAPUYIHOCTH MHOTr0o0Opasnit poga 7, 9 u 10. Panee 0661710 n3BecTHO, 9TO Cpel TPEXMEPHBIX
muoroobpasuii Pano ¢ Pic(X) = Z[—Kx] ponos 9 u 10 ectb mummuHapudeckue. A MMEHHO, B
pabore [5] mokazana ciemyromast Teopema:

Teopema 0.3 ([5, Theorem 0.1]). ITycmv X — mpexmeproe mnozoobpasue Paro poda g =9
uau g = 10 ¢ Pic(X) = Z[-Kx] u ocobot cxemoti Luavbepma npamvz Fy(X). Tozda X
yusundpuuro. Taxue mroz006pasus Paro 06pasyrom nooMH02000pa3UE KOPAZMEPHOCTIU 00UH
6 COOMBEMCMBYIOWEM NPOCTPAHCTNGE MOOYAET.

Msr yrBepxKmaem, uro Bce MHOrooOpasus Pano poga g = 9 wim g = 10 ¢ Pic(X) =
Z|— K x| aBASIOTCA TUINHAPHIECKAME. A UMEHHO, JOKa3bIBACTCs CJIEIYIOIas TeopeMa:

Teopema 0.4. [lycmv X — mpexmepnoe mnozoobpasue Dano poda 9 uau 10 ¢ Pic(X) =
Z|—Kx]. Toeda X asasemcs quisundpuveckum.
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Omneparopsr Porbi-bakcrepa Ha iiopianoBoii asirebpe H, 4(+)

4. TocTioxun

Kak u3BectHo, 06001eHneM noHsATHs 1uddepeHInpoBaHms Ha TPOU3BOJIBLHON anredpe
A sBasercst JUHEHHBIH omeparop d, yIOBJIETBOpsOIuUil ToxkaecTBy Jlelibuuna d(zy) =
d(z)y+xd(y) nosa Bcex z,y € A. MoKHO Ji1 BBeCTH 11000HBIH 01EPATOP, HO /15 HOHATHS
nrTerpupoBanug’! OTBETOM HA 9TOT BOIPOC SBJISETCS MOHATHE oneparopa Pors-Bakcrepa
HA MPOU3BOJIbHOI asredbpe.

Onpepesienne 1. [Tycts A — anrebpa mag monem k. Jluneiinsiit oneparop R Ha3bI-
Baerca oneparopom Porer-Bakcrepa (PB-omeparop) Beca A € k, ecim OH ynoBieTBOpsieT
COOTHOIIIEHUIO

R(z)R(y) = R(R(z)y + zR(y) + Azy)

nJist Beex x,y € A.

HeTpyaso 3aMeTUTHTD, YTO ONIEPATOP UHTErPUPOBaHUA ABIgeTca PB-oneparopom Beca
A = 0. PB-onepaTopbl ©MEIOT MHOXKECTBO MPUJIOKEHUH B PA3JIUIHBIX OBJIACTIX MaTeMa-
THKH, TAKUX KAK TEODHUs YHCEJ, MATEeMATHIECKas (PU3UKA U TEOpUs OmepaoB. Tarke
OblL1a BbIsIBIEHA IIyDOKast CBA3b C KJIACCHYECKUM ypapHeHueMm fura-Bakcrepa.

OpHuM U3 HAaIpaBjeHuH st n3ydenus PB-oneparopoB sIBIsSeTCS UX ONUCAHKE HA KOH-
KpeTHOH ajgrebpe. /[yist 9TOro paccMOTpUM TaKyIO0 33/7ady: MyCTh 3ajJaHa aCCOIMMATHBHAS
aurebpy A mag mosem char (k) # 2, 10 KOTOPO# MO2xcHO nocTpouTs anrebpsr AH) 1w A5
3aMEHUB OIEPAITUIO YMHOXEHH Ha a0 b = %(ab + ba) u [a,b] = ab — ba cooTBETCTBEHHO.
Aurebpa A(H) GyneT ABiIseTCs HopaaHOBOH anrebpoii, anrepa A(~) — nmesoit. Herpy-
HO TpOBepUTh, uTo ecnmun R — PB-omepatop Ha accomuatuBHOM anredbpe, To R Takxke
PB-omeparop ua aarebpax AH) u A=), Boszuukaer sonpoc — xaxue PB-omeparops na
NIPUCOEIEHEHHBIX AJIredpax He MPHUXO/IAT U3 acCONUaTUBHON anrebprl. Jljs ncciaenoBanus
3TOTO BOILIPOCA S PACCMOTpEN dYeThIpexMepHyto aarebpy Xonda Hy Haj mojneM XapaKTepu-

crukm # 2. Kak anreOpa oHa MOPOXKIAETCA JIeMeHTamu 1, g, T, g ¢ TaOauIeil y MHOKEHUS:
z2 =0, 92 =1, gr=-—xg.

Ilanee cTpoum ajrebpa Hf') 10 BBINIEYKa3aHHOM cxeMe. /Ins onucanus PB-oneparopos
HAM HOHAJZOOHTCS ONHCATHL Aut(Hi‘H)7 JaTh CIHCOK BCEX HOJAIreOpbI C TOYHOCTBIO 0
neiicrBust aBroMopdu3mMoB. Ilocme 3TOT0 MONB3yeMCsi yTBEPXKIAEHHEM O TOM, UTO SAPO
nroboro PB-oneparopa HenysneBoro Beca u obpas sgwboro PB-omepaTopa HyneBoro Beca
ABageTca noganredbpamu. B Moeit paboTe g uccaenoBas pelleHus CUCTeMbl KBAJIPUK HaT
NPOU3BOJIBHBIM MIOJIEM XaPAKTEPUCTHKH # 2. B obmieM ciaydae MOXKHO BOCIOIB30BATHCS
6azucamu ['pebrepa-IllupmioBa, OgHAKO s Aenaj 3TO Bpy4HyH. [IpescraBuM OCHOBHOM
pe3yJbTar.

Teopema 2. Bce Pb-oneparopsr Henynesoro Beca Ha ajaredpe Hi“ C TOYHOCTBIO 10

COMpSIKERNs aBTOMOPMUBMAMY HCUEPIIBIBACTCS CITHCKOM:
(1) R(1) = R(z) = R(gz) =0, R(g) ==+1—g;
(2) R(1)=R(g9) = R(z) =0, R(gz) =p1(1—g) —g=;
(3) R(z) = R(gz) =0, R(1)=R(g) =-1;

(4) R(z) = R(gx) =0, R(1)=R(9) =+31— 5g;



(7) R(z) =R(gz) =0, R(1)=-31+7F3g, R(g)=+i1-1g
(8) R(1)=R(9) =0, R(z)=pi(1+g)—=, R(gz)=p2(l1+g)—gx;
(9) R(z) =0, R(1)=R(g9)=-1, R(gz) =p1(l—9g)—gz;

(10) R(1)=R(z)=0, R(9)==41—-g+piz, R(gz)=p2x— gz;

(11) R(1) =0, R(g)==+1-g, R(z)=-z, R(gz)=—ga;

(12) R(z) =0, R(1)=—-31+ 39 7F (p1 + 2p2p3)z * page,
R(g) = Fi1— Llg+piz+pagz, R(gx) = psz — gx;

(13) R(1) = R(9) = -1, R(z)=-=z, R(gz)= —gx;
(14) R(1) = R(g9) =+31— 39, R(z) =—z, R(gz)= —gz;

(15) R(1)=-1, R(g)=-g, R(z)=-z, R(gz)=—gx;
(+)

Teopema 3. Bce PB-oneparops! mysesoro seca Ha H, '’ ¢ TOYHOCTBIO 10 CIIOPSAZKEHUS

aBTOMOpd)I/IBMaMI/I OIIUCBIBAIOTCSI CIIUCKOM:
(1) R(z) =0, R(Q1)=piz, R(9) =p2x, R(gz)=psz;
(2) R(1)=R(g) =0, R(z)=pi(l—-g), R(gz)=p2(l-g);
(3) R(z) = R(g9z) =0, R(1)=piz+pagz, R(g9)=psz+ pags;

(4) R(1) = p1z — p1p2p; ‘gz, R(9) = pax — papap; gz,
R(z) = paz — p3p3 ‘gz, R(gz) = psx — p2ga;

(5) R(1)=R(gx) =0, R(g)=-pi(1—g)+z, R)=pi(l-g)+pia;

(6) R(1)=0, R(g)=-pi(l—g)+z, R(z)=pi(l-g) +piz,
R(gx) = p3(1 — g) — p1.



AnaJior Teopun Mopca B anredOpanieckoil reoMeTpun

Hacte I: Knaceuueckas Teopust Mopcea

Poman Eiinceen

Hactb IV: [punoxkenns n BeraucaeHus

Hactb 1l: Teopema bbsnbinniku-bupyss

OcHosrag ujes Teopun Mopca 3akiaodaeTces B
aHaJIII3e TOMOJIOMI IVIaJIKoro Muoroobpasus M
IyTEeM MBYUEHUS IVIaJIKIX BEIeCTBeHHO3HAUHBIX
byuxkunit f : M — R. 91 dyukimn
paccMaTpUBalOTCs KakK «(OYHKIINM BHICOTHI» Ha
MHOT'000Pa3N.

Kputnieckast Touka GyHKIUN f — 9T0 TOUKA

p € M, B koropoit ce uddepennnan df,
obpalllaeTcsd B HOJIb. 104UKa p HasbIBACTCS
HEBLIPOZKJICHHOMN, €C/In MaTpuila BTOPHIX YaCTHBIX
nponsBojHbIX (reccuan) He(p) B 9T0i TOUKE
HEBLIPOZKJICHA.

Oyuaknnsg Mopea — 910 minajikast PyHKITUS, BCe
KPUTUICCKNE TOUYKN KOTOPOH HEBBLIPOAKICHBI.
KmroueBoit pe3ybTaT COCTOUT B TOM, YTO (DYHKITUH
Mopca sBJsII0TCI « TUITMYHBIMEIY : OHU 00Pa3yIioT
OTKPBITOE IIJIOTHOE MOJMHOYKECTBO B IIPOCTPAHCTBE
Beex rtaJiknx dpyukiuil Ha M.

Jlemma Mopca yTBepzKiiaeT, 4To B OKPECTHOCTH

HEBbIPOZK IEHHON KPUTUYECKON TOYKM P CYIECTBYIOT

JIOKAJTbHBIE KOOPAMHATHI (X1, . . . , X,) TAKhe, 4To

dyuknus f nMeer KaHOHNYCCKUT BUT:
f(x) = f(p)—xlz—---—X,f+xf+1+---+xs

Yucsio k., paBHOE KOJIMUECTBY OTPHUIATEILHDBIX

KBa/IpaTOB, Ha3blIBa€TCA MH/ICKCOM Mopca TOYKN P U

obosnadaercs ind(p). Mueke nHBapuanTen
COOTBETCTBYET UNC/Y HE3aBUCUMBIX HallpaBiIeHuil, B
KOTOPBIX pyHKIM f yObIBaerT.
Tomnosiorng mojMHOr000Opa3Us YpoBHSI

M, = f~Y((—o0, a]) usmenserca TonbKo TOrIA,
KOIJla @ MPOXOJNUT depe3 KpUTHIecKoe 3Hadenmne
f(p). D10 M3MeHEHNE TOMOJOINIECKH SKBUBAJICHTHO
npukiaensannio k-pyuxi (DX x D) rne

k = ind(p).

DTOT IPOIECC JlaeT pasJoyKeHne Ha PYyUKH
Muoroobpasusg M, koropas onpejiensieT Ha HeM
cTpyKTypy CW-KoMILiexca.

HepapencrBa Mopca ¢BA3bIBaIOT KOJNIECTBO
KPUTUUECKNX TOUEK Ck MHjeKca Kk ¢ unciamu berTn
br(M) = rank(Hx(M, Z)).

» Ciaboie: ¢, > by.

» Cubibie: =< (—1)¢; > =% (—1)*"'b;.

P OiijlepoBa Xap-Ka:
k k
X(M) =7 _o(—1)"ck = _o(—1)"bx
Oynknus Mopea nHasbiBaeTcs coBeplIeHHol, ecn
c, = by Juia Beex k.

B anredbpamnyeckoit reoMmeTpun aHaJoroM Teopust Mopca na S%: Pacemorpum dbyHKIHIO

0/IHOIIAPAMETPUIECKO TPYIIIBI IpeobpasoBaHnil saBjsieTcst  BbICOTHI f(X, y, z) = z Ha S°C R

s s % o <
jeficTBre MyJILTHILINKATUBHON I'pyibl G, = k™ Ha » Kput. Ttouxkn: FOxKHBI moatoc ps n CeBepHblit

VI IKOM IIPOEKTUBHOM MHOroooOpasuu X. [TOJIIOC Py

MHOzKecTBO HenoBIzKHbIX Todek X&m cocTont 13 ToueK » Ilngexcer: ind(ps) = 0, ind(py) = 2.

p € X, HHBapUAHTHBLIX OTHOCUTEILHO JleficTBus (3. DTH » Jlexommosuius: [pukiensaercs 0-pydka, 3aTeM

TOUYKN ABJIAKOTCA aﬂF€6paI/IT{GCKI/IM AHaJIOI'OM KPUTNHYECKNX 2—py‘1Ka.

Toyek pyHkmn Mopca. Obosnaunum uepes Fq, ..., F, » Buruncnenne: ¢ =1,¢,=0, ¢ = 1. I3

(53 =21 by = by = 1 cieiyer by = 0.
Yucna bBerru: (1,0, 1).

Teopema Bosibiauigu-Bupyis na P Pacemorpuw

CBsI3HbIe KoMIonenTh X &m.
JI71s1 KazKJ10it KOMIIOHEHTBI F; olpelessttoTcs JiBa
[TOJIMHOYKECTBA B X

» [liroc-K/erka (pUTIrnBaroiee MHOKECTBO):

neitcrsue t - [zg : z1] = [tzg : z1] na P! 2 CU {o0}.
X" ={xeX| limt-x e Fij » Hemnoyp. Toukn: pg = [0: 1] u poo = [1 : 0].
» Munyc-kierka (OTTajKUBaroIee MHOKECTBO): > Beca s T,PY B pp Bec +1, 8 poo Bec —1
X~ ={xeX|limt-xeF} > ::EHlLeKCbII ind( po) - 0, ind(poj) =1
> Jlexommnosmns: X, = A X = {po}

D11 MHOKECTBa (s4eiiky BostibiHnnkn-Bupyiist) sipistroTcs

Pl >~ ALY A
> BbI‘H/ICJIGHI/IG TOMOJIOTUN:

H.(PY = H, »({pso}) ® H.({po}). D10 naer
Ho(PY) = Z u Hy(P!) = Z. Yucna Berru:
(1,0,1).

JTOKaJILHO 3aMKHYTBIMI 11 00Pa3yIoT JIBa Pas/IoyKeHNs]
MHOT00Opasust X Ha HellepeceKarolnecs MoJIMHOI000PasNs:

r r _
| = | =

Teopema Bosnbinnnku-Bupyist (1973) yrBepaaer, 4To

IS TIAJIKOTO TIPOEKTUBHOIO MHOT00Opasns X ¢ jeiicTBreM PN ~ Poc
G, pesenbHble 0TOOparKeHUs] 7T,-i ; X,-i — F; aBigroTes (‘;
\/

MOpUBMAaMI, KOTOPbIE HAJIEIAIOT KarKJIYI0 STUefKy X,-jE
CTPYKTYDPOU PacC/I0eHH:A Ha &dDCbI/IHHbIG HPOCTPaHCTBa Hall Puc.: [Torox na §% (anasor P).

0asoit F;.
! (OcHOBHAag JIUTEpaTypa:

1. Biakynicki-Birula, A. (1973). Some theorems on

actions of algebraic groups. Annals ot
MHOT000Opasne, ero IPyibl TOMOJIOTHH MOZKHO BBIYUCIUTE \

[athematics, 98(3), 480-497.

2. Milnor, J. (1963). Morse Theory. Princeton
University Press.

Chriss, N., & Ginzburg, V. (2010).
Representation Theory and Complex Geometry:.

Teopema DbsIbIHUIIKK-Dupyiisd nMeeT BarKHOE CJiejICTBUE.
Femn X — rajgkoe KOMILIEKCHOE [TPOEKTUBHOE

Hepes I'OMOJIOT'MM KOMITOHEHT HEIIOABUZKHBIX TOYCK:

Hm(X7 Z) = Hm—2d,-+(Fi7 Z)

=1

rie d- = dimg(cioa Xi7 — F). 3

Hacto [11: CoorBercTBre Mexxty Teopusamn

Birkhauser.

- Drinfeld, V. (2013). On algebraic spaces with an
action of (z,,. arXiv:1308.2604.

Teopua Mopca Teopud DbANBIHUIKN-| 4

bupyuid

['majgkoe mHorooopasue M ['majgkoe IpoeKTUBHOE MHO-
rooopasue X

Oyukiusg Mopea f @ M — | [eiicrsue G, : G,, X X —
R X

Kpurnueckue rouxkn f

Henoppuzkibie Toukn XEm

Yeroitunsoe mu-so W*(p)  Ilmoc-xnerxa X

Heycroitunsoe mu-so W*(p) Munyc-kinerka X

Nujgeke Mopeca  k = KoMIll. pasMepHOCThL  CJ10s

dime(W*(p))

CoOcTB. BHAUEHUS reccruana

MNHYC-KJIETKU

Beca peficrBua G, na TpX

Hucso oTpuil. codcTB. 3Hade- | 1UCI0 OTpUIlATCIbHBIX Be-

HUN COB

[[pukenBanne pydxKu Paccimoenne Ha addunnble

IPOCTPAHCTBA




[ nnoTtesa Hunmbepto — An [l>keHHapo gns

rmnepnoBepxHocTenm cteneHn 6

Keutko Kcenns Bacnnbesna !

IHY BLU3, Mockea

OcHOBHble NoHATUSA NMopxon Knycrtepmana

Anrebpanyeckoe MHoroobpasve X HasbiBaeTcs (hakTOpuasibHbIM, eCn rpynna [okasatenbceo runotesbl ans d > 7 ¢ nomowbio copmynsl (1) ceoguTes K
Mukapa Pic(X) coenaaaet c rpynnoii knaccoe CI(X). n3y4eHnto cBOCTB dyHkumii Mnbbeprta konbua S/ 1, noctpoerHoro B
Mycte X — runepnosepxtocts {F' = 0} & Proj Clzo, .. ., 24]. npeablAyLEM pasgese, n ONMPaeTCs Ha CeAYHOLNE JIEMMbI.
Byaem rosoputk, 4To X — HOgaNbHas, eC/i OHA UMEET OCOBEHHOCTU He Xy>Ke .
ODbIKHOBEHHBIX ABONMHbBIX Todek (HogoB). Toraa daktopuansHocTs X (nnu '—[ Jlemma 1 | )
skeuBaneHTHo, (Q-chakTopnanbHOCTL) paBHOCKIIBHA (DaKTOPNAIBHOCTL KOJbLA
C F Mycte d > 6. Ecam hy(d —4) < 2d — 7, 1o Sing(X) cogepxut nontoe
[l‘o,...,x4]/( )
nepecedenue mynbtuctenenn (1,1,d —1,d — 1) mbo (1,2,d —2,d — 1).
I \ X V_
'—[ Nnotesa HYnnubepto — An O>xkeHHapo | ,—[ Nemma 2 | \
Mycte X C P* - noganbHas runepnosepxHocTs cTenenn d > 3, umerowyas Myctsd > 7. Ecnan hy(d—4) > 2d—7, To #Sing(X) > 2(d—2)(d—1) +1.
He 6onee 2(d — 2)(d — 1) ocobbix Toqek. Torga { )
m sinbo oHa ¢hakTopmasibHa, Habpocok pokasatenscrsa runotesbl. Ecim X = {F = 0} ne
m smbo oHa cogepxmT naockocts u umeet (d — 1)? Hogos, chakTOpranbHa, To ugean HopoB J COAEPKNTCS B HEKOTOPOM MAEase MOJHOrO
m b0 OHa COAEP>XNT KBaAPATUYHYIO FMIepPrnoBePXHOCTb U NMEET nepecesenus lor = (f1, - T f1) no Jlemme 1. Torga I € (f1, ..., fa). Tak Kkak
2(d — 2)(d — 1) Hogos. {fi=---= f1s =0} CSing(X) — Hogpl, COBOKYHOCT® {fi,..., f1} obpasyer
NoKasibHyto cuctemy koopguHat. Toraa h; € Ioy. C yuétom paeenctea deg ' = d

3akntoyaem, 4to Bce h; € (f1, f2). A 3naunt, X copepxut {f1 = fo =0} -

nnbo nnockocTe, Mbo KBagpuky (B 3aBMCMMOCTM OT mynbTucTenenn [oy).
MN3BecTHble pe3ynbTaThbl

lvnoTesa BepHa ans kKybuudeckux runepnosepxHocTeit (Finkelnberg v r”"ePHOBerHOCT” cteneHun 6

Werner 1989).

lmnoTesa BepHa B cnyyae kBapTuk (Cheltsov 2006, Shramov 2007). MNMoka)keM, 4To yTBEpXAeHue JlemMmbl 2 BbinosiHeHo v aas d = 6. Vicnonbsyem
[MnoTesa BepHa B ciny4vae runeprnosepxHocTeii crtenenun d > 7 oueHkn Knyctepmana n3s Tabanupi.

(Kloosterman 2022). B 0 m - i—3 P

1] 2
hi(k) |1 =>3[>6] |[=2m+2| |>2d—6|>2d—6| >2d—6

'—[ CBsa3b C anre6p0|7|: ,EllereKT rmnepnoBepxHOCTU | Tabnnua 1. Ouenkn Ha 3HaveHns dyHkuun Munsbeprta ngeana I.

N3 dopmyner (1) nonyuaem #Sing(X) > hy(2d — 4). N3 TouHoii
nocneposaTenbHocTh (2) n no noctpoeHnto naeana I

2d—4 2d—4
hy(2d—5) =Y hy,(k) = Y hi(k).
k=0 k=0

Takum obpasom, umeem #Sing(X) > (2d — 14) + 2(d — 2)(d — 1).

- Mpu d = 6 npaBasi 4acTb 3TOro HepaBeHCTBa paBHa 38. [ns mokasaTenbcrea
JNlemmbl 2 Heobxopumo uckntoumnTts Habopsl 3Havenuii (hy(0), ..., h;(2d —4)),
koTopble B cymme aatot 38, 39 n 40. C y4étom oueHok u3 Tabauusl nonyyaem 6

Mycte H = {x4 = 0} — runepnnockoe ce4eHne, He NPOXOASLLEE YEPE3 HOAbI. BAapMaHTOB, KOTOPbIE HE peasin3ytoTcs:
Torpa vMeeT MeCTO TOYHasi MOC/eA0BaTENIbHOCTb

(i) =(1,3,6,6,6,6,6,3,1), (ii)=(1,4,6,6,6,6,6,4,1),
0= (R/J)k-1 =2 (R/J) — (S/Ju)x — 0, 2
e = (D (S ) (ii) = (1,3,6,7,6,7,6,3,1), (v) = (1,3,7,6,6,6,7,3,1),
rae R = Clzo, ..., x4, S = R/(x4) ~ Clxg, x1, 22, 23], Jg — 0bpaz J B S, n v
V

BEPHO

(1,3,6,6,7,6,6,3,1), (vi)=(1,3,6,6,8,6,6,3,1).
hJH(Zd_4> > 0.

Bbibepem B Soq—4 nogpoctpancTeo W kopasmeprocTn 1, copepxatyee (Jr)2d—4,
1 NONAOKNM Cnucok nutepaTypbl

. _{{feS|fSQd_4_eCW} e <2d— 4, —
.=
Se e>2d—4, ¥ Kloosterman, R. (2022). “Maximal families of nodal varieties with defect”. B:
Mathematische Zeitschrift 300.2, c. 1141—1156.
Torpa dyHkumns Munsbepta ngeana I O Jy cummerpuyna — Anematisene ertsain c
hi(2d — 4 — €) = h(e) " Shramov, K. (2007). “Q-factorial quartic threefolds”. B: Sbornik:
7 Mathematics 198.8, c. 1165—1174.
a (nokanbHoe) apTuHoBO hakTopkoIbLO S/I — ropeHwWw TeliHOBO. :: ' ' -
Llokonb Soc(S/1) — aHHYNSTOp MaKCUMANLHOrO MAEana, IBASETCS OAHOMEPHBIM 1 Cheltsov, I. (2006). Nonrational nodal quartic threefolds”. B: Pacific Journal
Kak BEKTOPHOE NPOCTPaHCTEO. . of Mathematics 226.1, c. 65—81.
LlokonbHas creneHb — cTeneHb MHOro4seHa, nopoxaatowero Soc(S/1). A
1 Dimca, A. (1990). “Betti numbers of hypersurfaces and defects of linear
systems”. B: Duke Mathematical Journal 60.1, c. 285—298.
=
=8 Finkelnberg, H. u J. Werner (1989). “Small resolutions of nodal cubic

threefolds”. B: Nederl. Akad. Wetensch. Indag. Math. 51.2, c. 185—198.
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Generalized semi-characteristic and R-restricted cobordism

Lavrukhin Viktor
August 2025

1 The generalized semi-characteristic of a bounding (B, f)-manifold

Define the subgroup of relations on Stiefel-Whitney numbers of closed manifolds R,1 to be the subgroup of
H" Y (BO,,+1) given by
Rog1 = )ker(ry: H""(BOys1) — H"(2)),
z

where the intersection is taken over all closed (n + 1)-dimensional manifolds Z C R?.
For an arbitrary relation R € R, consider its inverse image i*(R) € H""1(BO,,) and its classifying map
¢: BO,, - K(Z/2,n+1). Let B be the homotopy fiber of the map c¢. Then there is a homotopy fibration sequence

K(Z/2,n+1) —» B L BO, % K(Z/2,n +1).

The main objects of our interest will be closed n-dimesional (B, f)-manifolds with B and f as above.
Let (X, gx) be a (B, f)-manifold with X being bounding. Choose a null-cobordism Y for X. Then we have the
commutative diagram
B

BOn - BOn+1-

Consider the morphism of pairs (gx,7v): (X n, Y)— (B ol BO,41).

Definition 1. For a bounding (B, f)-manifold (X, gx), the generalized semi-characteristic is given by

Y (X, 9x) = ((9x,7v)"(r), [Y]) € Z/2.

x

In essence 7} does not depend on Y and 7, so we write »g. Let us now consider examples of the generalized
semi-characteristic for specific relations.
If n is even, then there is a relation R = wy 411 € Rp41-

Proposition 2. Let n be an even integer. Consider a tangential structure (B, f) given by the relation R = w41 €
Ru+t1. Then for every bounding (B, f)-manifold (X, gx) there is an equality

X(X)

P,y (X, 9x) = =5 mod 2.

For a closed manifold X of dimension n, there is the Kervaire semi-characteristic

 dim H*(X)

K(X): 5

mod 2.

The following theorem shows that this invariant generalizes our invariant sg built from the relation R above.

Theorem 3. Let n = 2k—1 be an odd integer. Consider the pair (B, f) given by the relation R = wy,4+1+v; € Rpt1.
Then for every bounding manifold X there exists some (B, f)-structure gx on it such that there is an equality

#r(X, 9x) = k(X).



2 Cobordism group QF

Fix the relation R € R, and consider its classifying map BO,, 11 —+ K(Z/2,n+1). Let By be the homotopy
fiber of ¢; and f1: By — BO, 41 be a canonical map.
Consider the homotopy pullback square

B—1 B

1

BO,, —— BOp41.
Definition 4. Let QF be an abelian group of (B, f1)-cobordism classes of (B, f)-manifolds. For a (B, f)-manifold
(X, gx) denote its class as [ X, gx|F.

Consider a natural forgetting homomorphism U: QF — Q9 given by U([X, gx]¥) = [X]°. By Remark ??, this
homomorphism is surjective. The next lemma effectively describes its kernel.

Lemma 5. Let (X, gx) be a bounding (B, f)-manifold. Then [X, gx]® = 0 if and only if s.(X, gx) = 0.

Corollary 6. There is a short exact sequence
0 — ker(U) = QF £ 09 0,
and s, ker(U) — Z/2 is an isomorphism.
Example 7. Consider the relation w? + ws € Ro and the corresponding group qu§+w2.
e According to [?], the obstruction for the existence of the Pin~-structure is exactly the class w? + wo. So,
QUitee o oPin

o Since Qf = 0, we have ker(U) = Q@itw2. We conclude that s,: QF™  — Z/2 is an isomorphism by the
previous corollary.
e Since wy = v, by Theorem@ we have »,. = k, where k denotes the Kervaire semi-characteristic.
2
Example 8. Consider the relation wy + w3 € Ry and the corresponding group Q;Uﬁwz.

e Consider space B and map f: B — BO,, as above. For 3-dimensional (~B7f)—manifold (X, gx) the Wu class
vo(Tx) vamishes. Since vy = wy + w?, according to [?] existence of (B, f)-structure is equivalent to existence

2
. — w. +w -
of Pin~ -structure. Hence, Q3" " = QFn,

2 PR
e Since QO =0, we have ker(U) = ngﬁw"‘, As before, this implies that there is an isomorphism 3.: Q8™ —
Z]2.

o Also, as in the previous example, ».(X,gx) = w(X). In particular x(X) is invariant under the (By, f1)-
cobordism relation.

Example 9. If n is even, then there is a relation R = w11 € Rpt1. For the bounding (X, gx) (B, f)-manifold
and null-cobordism Y for X there is a sequence of equalities

1
Hw,ir (X, 9x) = x(Y) mod 2 = (§X(X)> mod 2.
Consider (RP™, grpn) with any (B, f)-structure grpn: RP™ — B. Since
%wn+1(2[RP27gRPn}R) =x(RP")mod 2 =1

we have 2[RP?, ggpn | # 0 € QE. Hence the exact sequence

0 — ker(U) of Y, 00 0

does not split and there is the homomorphism x mod 4: QF — 7/4.



[(nobanbHas pa3MepHOCTb KoJibL,a 3HAOMOPN3IMOB
NPSAMOI CYMMbl LIUKJINYECKUX rpynn

Mwunakos Matgeii AHapeesuy

CankT-lNeTepbyprckuii MNocypapcTeeHHbli YHuBepcuter

MocraHoBka 3agaun

lNpoekTuBHO pasmepHocTbio R-mopynsi M HasbiBaeTcs HauMeHbluee N Takoe, 4To M nMeeT NpoeKTUBHYIO pe3osbBeHTy AnuHbl . ObosHavaetcs kak 1pd(M).
Ecnun koHe4HO! NPOeKTVBHOV Pe30/IbBEHTLI HET, AJIMHA MOJIAraeTcs PaBHOI oo.

JleBoii rnobasibHON pazMepHOCTbIO KosibLa R Ha3biBalOT CynpemMyM MpOEeKTUBHbLIX pa3MepHOCTel Bcex neBbix R-mopyneid, o6osHaqaetcs 1Dim(R).

A — KoHeYHO nopoxxaéHHas abenesa rpynna, R = Endy(A). Yemy paBHa rnobansHas pasmepHocTts R?

Pesynbrat B.L. Osofsky, 1970

) Ry _
Konbuo sHaomopcusmos rpynnel E5° | Z/pZ, roe p — HEKOTOpOE MPOCTOe YMC/IO, MMEET robasibHylo pasMepHocTe k + 1 Toraa n Tonbko Torga, koraa 270 = Ny,
Ecnn »xe 280 > R, To nto60e KoNbLO 3HAOMOPhIU3MOB 6eCKOHEUHON NPSIMOIA CYMMbI LMKANYECKUX rpynn ByaeT nMeTb 6ECKOHEUHYIO r106anbHYIO Pa3MepHOCTb.
TO €eCThb, Cﬂy‘-laﬁ 6€CKOHE‘-|HOI7I I'IpﬂMOﬁ CYMMBbIl 3aBNCUT OT KOHTUHYYM-TFUNoTe3bl

KoueuHbiin p-cnyyaii, unbrpauyus

A — koHe4yHas abenesa p-rpynna, p — HekoTopoe npocToe 4ucno. Vimeercs pasnoxeHune
n
A=Pa,
=il

roe A; — CyMMa LMKANYECKUX NOArpynn nopsigka p''i.
my > mg > ... > My > My = 0 — ANUHBI NPAMBIX LMKINYECKNX Cllaraemblx, BCTPeYalowmxcs B A.

Beeaém obosnadenne Ay = {a € A | ord(a) < p*}.

m Ay — R-nogmogyns B A.

mA=Am) > Am,—1) > - > A@n) > Ao) = 0 — cTporo ybeiatowas ¢punstpauus R-mogyneii

Ecnn gns Hekotoporo ¢ € {1,...,n} BbinonHeHo m; — m;4q1 > 1, To rnobanbHas pasmepHocTb R okaxkeTcst paBHOW 6eckoHeuHocTn. [laHHOE siBNIeHNE HA30BEM

Hann4mnem npobena/ckadka B pagy mq > - - - > Mp4q = 0 4JAWH NPUMAPHbIX LMKAUYECKUX ClaraeMbix. DTOT (heHOMEH 1 OKa3bIBAETCS KJIIOYEBLIM B
knaccudurkaummn rnobanbHbIX Pa3MepHOCTEN Koel, 3HAOMOPOU3MOB KOHEHYHO MOPOXKAEHHBIX Fpymnn.

I VYreepxaenune 1: MNpoekTusHocTb YneHoB unbTpauun J

A(m,) MPOEKTUBHbLI AN KaXK[OrO 1

Ecan e HekoToporo i € {1,...,n} sepHo m;y1 < k < m;, To Moaynb A(yy He npoekTuseH.5onee Toro, B 3Tom cryqae Ipd(Ar)) = oo.

.

l Mpumep 6eckoHe4YHOW pa3MepHOCTU KOJibLA 3HAO0MOpdhU3MOB J

Papukan [1xekobcoHa

Pagukanom []kekobcoHa R HasbiBaeTCs OBYCTOPOHHWUIA naean
J(R) = {r € R |rM = 0 pns Bcex npocTbix moayneii M }.

[ns neBoro apTuHoBoro konbua R BepHO

IDim(R) = Ipdp (R/J(R)) :

Bce npocTbie nesbie Mogynn Hag R nmetoT BuA A () / B; BN €ANHCTBEHHOrO MakcuMasbHoro nogmoayns B; < A(n,). B ciydae otcycteus npobenos s page
OJINH €CTb NPOEKTNBHasA Pe30JibBEHTA

Am
0 = Apmy = Atmyy) @ A(muyy) = Agmy) — 2 L>/Bi - 0.

i1

Bonee Toro,

R

IR = @ B, R/J(R)*é(“”m”/&)v IDim(R) = max Ipd (40 /g ).

n
i=1 i=1 S0

3HauuT, 1pd (A(m,) / Bi) < 2. MoxHo nokasaTb, 4T0 B; He MPOEeKTUBHbI, @ 3HAYUT NPOEKTUBHAS Pa3MepHOCTb A (,,,) / B; B TouHocTu 2.


mailto:myemail@exampl.com

[(nobanbHas pa3MepHOCTb KoJibL,a 3HAOMOPN3IMOB
NPSAMOI CYMMbl LIUKJINYECKUX rpynn

Mwunakos Matgeii AHapeesuy

CankT-leTepbyprekuii FocynapcTeeHHbIli YHUBEpCUTET

KoHeuHsiii cnyyaii

rlyCTb A — koHe4Has abenesa rpynna, {pl}inzl - Ha6op TaKnX MPOCTbIX YNCeN, YTO CYLLEeCTBYET pa3JioXKeHune
n
A=D 4,
=1

roe A; — koHedHas abeniesa p;-rpynna. R = Endz(A) sensercs npsmoii cymmoii koney R; = Endz(A;).

J il J —0— ) .
mi > >md > my 41 = 0 — ANVHBI UMKIMYECKUX NPAMBIX Claraembix, BCTpedatoumxcs 8 A;. Torga numeerca cnefyroulas ansTepHaTuBa:

m Ecnu xoTb ans ogHoro j B psigy p;-ANuH ecTb npoben, To IDim(R) = oo.
m Ecin npo6enos Het, nputom max;(n;) > 1, To IDim(R) = 2.

mEcwmn; =1n m,J1 = 1 pns kaxgoro j, To IDim(R) = 0.

KoHeuyHo nopoxpaeHHbI cnyyaii

A — KOHEYHO NopoXAEHHasA rpynna beckoHeuyHoro nopsiaka. CywecteyeT pasnoxeHne A = T @ F, rpe T — koHe4Has abenesa rpynna, F = 7™ — cBoboaHas
b v WA B v
abeneBa rpynna KoHe4Horo paHra, n > 1. R = Endy(A) 3anncbiBaeTcs Kak KOJIbLLO BEPXHETPEYroNbHbIX MaTpULL:

Endz (T Homy (F, T
Rz( g( ) Engé(F) )>'

Beeném obo3HaueHUsi A5 OPTOroHasibHOW Napbl NPOEKTOPOB

R”T = Endy(T) vzomopdro konbuy ep Repr = Rerp.
Mimeem konbLeBoii romoMopdusm
¢:R—>RT, T rer.

Fomomopdunam ¢ 3apaér dyHkTOp
® : grMod — rMod.

® siBnsieTcsi NonHbIM BioxxeHnem rr Mod B rMod, ero cyujecTBeHHbili 06pas — 3To Bce R-mMoaynn, aHHynMpyemsblie ep.
DyHkTop P AONycKaeT MpaBblii cOnpsiXXeHHbIi ¥

U : gpMod — grMod,
M — erM, [ fleqns-

Bonee TOro, OHW TO4YHbl N NEPEBOAAT MNPOEKTNBHbIE 0b6bekTbI B NMPOEKTNBHbIE, 3HAYUT, COXPAHAOT NMPOEKTNBHYIO Pa3MeEPHOCTb.

®opmyna Ans rnobanbHOW pa3smepHOCTU

R — HekoTOpoe Konbuo, {€;} " ;| — KOHEYHbI MOJHbI HABOP OPTOroHabHLIX NAEMMOTeHTOB. Toraa

IDim(R) = sup{lpd (Re; / J) | J — nogmogyns Re;, ¢ = 1,...n}. N3 aToro paseHcTtsa cnegyet dpopmyna ans IDim(R):

max (lDim(RT), sup {lpd (A/B) | B — R-nogmopynk B A}) 5

l Yrteepxaexue 2: Cesa3b € rnobanbHOl pasMeEPHOCTbLIO KOJbLA 3HAOMOPGU3MOB NOATPYNMbl KPYyHEHUs J

lMycts A — KoHe4HO nopoxaéHHasi abenesa rpynna 6eckoHedHoro nopsigka, T — eé nogrpynna kpy4qernusi. Ecnn T' # 0, umeem paBeHCTBO:

1IDim(Endz(A)) = max(1Dim(Endz(T)), 2).

\.

I Teopema 3: MobanbHas pasmepHOCTb Kosewl, 3HAOMOP(U3IMOB KOHEHHO MOPOXAEHHbIX abenesbix rpynn J

nyCTl: A — KoHe4Ho NnopoOXXgeHHas abenesa rpynna, 4715 KOTOPOﬁ VIMEETCs Pa3J/IOXKeHne

&
A=FoPT,,
i=1

rae F =2 7", {p; }f":l — nonapHo pasnn4Hsie npoctole, T), — KOHeYHble abenesbl p;-rpynnei.
m Ecan B psigy p;-anmH ectb ckadok, To 1IDim(End;(A)) = oo
m Ecim F = 0, a T — npsimasi cymma npoctsix abenesbix rpynn, To 1Dim(Endz(A)) = 0.
mEcim F #0uT =0, 7o lDim(Endz(A)) = 1.

m Bo Bcex octaBuuxcsi cayqasx 1Dim(Endz(A)) = 2.
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Local coefficients for genuine equivariant cohomology

ARTEM PRIHODKO
Jointwork in progress with Nikolay Konovalovand Ivan Perunov

Let X be a topological space equipped with an action of a topological group G. For an abelian group A one
can associate a homotopy theoretic invariant of G ~ X, the so called Borel equivariant cohomology H/ (X, A).
More generally, for a generalized cohomology theory A € Sp one can define

H?;(X, A) = A*(th),

where Xp¢ ~ (X x EG)/G denotes the homotopy quotient (with real coefficients this can be computed using the
equivariant de Rham complex, but we would like to move in another direction). It is well-known that if G is a
compact Lie group one can do better (partially, since X, usually is an infinite CW complex). E.g. Atiyah and
Segal studied an association

G X —— KUYX):= K°(Vectg(X)),

where K denotes the Grothendiek group completion functor and Vectg(X) denotes the groupoid of G-equivariant
complex vector bundles on X. The relation of KUZ(X) with the more naive Borel-equivariant version H (X, KU)
is explained in the following celebrated result.

Theorem 1 (Atiyah—Segal completion theorem). For X there is a natural ring homomorphism
KU2(X) — HY%(X,KU)
which identifies the target with the completion of the source in the augmentation ideal if X is a finite G-CW complex.

One can extend KU to the Z-graded functor KU which turns out to be an example of the so-called genuine
equivariant cohomology theory. Like the usual category of spectra Sp serves as a well behaved home to study
generalized cohomology theories the genuine G-equivariant stable category Sp® developed and studied by May
and many others is considered as a correct setting to study generalized genuine equivariant cohomology theories
like KUE.

Geometry. This was a homotopy theoretic story. Recall that in geometry outside of the smooth compact case the
ordinary cohomology is ill-behaved and one usually replaces it with the Borel-Moore or compactly supported
cohomology of H}(X,A) of X or intersection cohomology. Now, arguably the most robust definition of the
Boreel-Moore homology is via the category of sheaves Shv(X, A) as the pushforward with compact support functor
(!-pushforward). The question arises:

Question 2. For X equipped with an action of a compact Lie group G is there a weel behaved theory of G-equivariant
sheaves categorifying equivariant cohomology similarly to how the ordinary category of sheaves categorifies singular
cohomology?

It turns out that the answer for the naive Borel equivariant cohomology (possibly with coefficients in a generalized
cohomolopgy theory) is positive and goes by the name of the Bernstein—Lunts equivariant category. The
original construction is different, but with the advances in higher category theory of the last few decades it can
be defined simply as a category of sheaves on the topological quotient stack [X/G] (a la Drinfeld-Gaitsgory—
Rozenblum). Surprisingly, for genuine equivariant cohomology the question wasn’t considerdd before even in the
case of locally constant coefficients. In fact, even a definition of Borel-Moore (co)homology is not available in the
genuine case.

Our contribution to the field is summarized below.

Theorem 3. Let X be a topological space equipped with an action of a compact Lie group G and let A be an
Eoo-ring spectrum in Sp®. Then one can assign a category Shve([X/G], A) of genuine equivariant sheaves
on X with the following properties:

(1) The assignment is functorial in X in the sense that there are *- pullback and pushforward functors.



(2) There are proper pushforward and extraordinary pullback functors. Proper base change holds.
(8) For smooth G-manifolds Poincaré-Verdier duality (comparison of *- and !-pullbacks) holds.

(4) For X locally G-equivariantly contractible the cohomology of the structure sheaf recover genuine equivariant
cohomolopgy of X.

Remark 4. In fact, as notation suggest, by construction Shv®®"([X/G], A) depends only on the underlying quotient
stack [X/G]. This encodes various change of group comptbilities, i.g. that genuine sheaves on X with free action
of GG identify with the ordinary sheaves on the quotient.

Example 5. For X = x the corresponding category identifies naturally with ModA(SpG).

The application we have in mind requires non-locally constant coefficients (e.g. a theory of genuine Borel-
Moore (co)homology), but we also construct a homotopy theoretic invariant category LocSys®"(X//G, A) of gen-
uine equivariant local systems. For X locally contractible this category identifies with the full subcategory of
Shv®"([X/G], A) spanned by locally constant objects.

Complex oriented case. As a part of his broad project of understanding elliptic cohomology Lurie developed
in the complex oriented case for finite G a theory of tempered cohomology and tempered local systems
LocSys'™™P, which largely motivated us during the earlier stage of the project. The idea roughly is to force
Theorem 1 to hold by definition. Our last main construction-result is a generalization of this theory to arbitrary
compact Lie groups and non-locally constant coefficients.

Theorem 6. For X a topological space equipped with an action of a compact Lie group G and an oriented abelian
group spectral stack A (in the sense of Lurie) there is a category Shv'®™ P ([X/G], A) which categoryfies A-tempered
cohomology similarly to how Shv™ categofies genuine equivariant cohomology. Moreover, Shv'*™P is an idempotent
monoidal localization of Shv®®", so that it admits siz functors and the Verdier duality holds.

Remark 7. As in the genuine setting we construct a homotopy theoretic version LocSys*™P(X//G, A). In the case
of finite G this category coincides with the one introduced by Lurie.

Ezample 8. For G = U(1) there is a natural equivalence

LocSys"™™(x//U(1), A) ~ QCoh(A).

Finally, we summarize various construction and categories mentioned above in the following table. Hopefully,
this can be of some use.

Constant coefficients Locally constant General local coefficients
coefficients
Non equivariant Generalized cohomology LocSys(X, A) Shv(X, A)
A*
Borel-equivariant Borel construction LocSys(Xpa, A) Shv([X/G], A)
HE(X, A)

Genuine equivariant Genuine equiv. coh. LocSys®" (X, A) Shv®([X/G], A)
A7)

Gen. equiv. with Tempered cohomology LocSys"™™ (X, A) Shv*™P([X/G], A)
complex oriented coeffs. AL(X)




Finite subgroups of automorphism groups

of non-trivial Severi—Brauer varieties

Alexandra Sonina

Higher School of Economics, Laboratory of Algebraic Geometry (Moscow)

Definition
An algebraic variety X of dimension n over a field k is called a Severi-Brauer variety
if it becomes isomorphic to 24 after the extension of scalars to the algebraic clo-
sure k of k.

A Severi-Brauer variety is non-trivial if it is not isomorphic to P over the base
field k.

Theorem [3].

A Severi-Brauer variety over k is trivial if and only if it has a k-point.

Severi-Brauer varieties 11
—

central simple algebras
of dimension n over k

of degree n over k

Theorem, [1] F. Chatelet.

Let X be a Severi-Brauer variety over a field k corresponding to a central simple

algebra A. Then Aut(X) = A*(k)/k".

Severi—Brauer varieties The problem and previous results

In the classical article [2] |. Dolgachev and V. Iskovskikh classified finite subgroups
of Bir(P2). Since Severi-Brauer variety is a skew form of projective space, one
wants to answer this question:

“What finite groups can appear as subgroups of these automorphism groups?”

This question was developed by C. Shramov and A. Savelyeva. They showed the
following theorems:

1. [6, A. Savelyeva] Let X be a non-trivial Severi-Brauer variety of

dimension g — 1 over a field K, where g > 3 is prime and q # char(KK).

Let G be a finite subgroup of Aut(X), then there exists a positive integer n

such that G is isomorphic to a subgroup of pt, X (1, X p,), where the

semidirect product is balanced.

[4, C. Shramov] For any n such that the semidirect product g, x i3 is

balanced there exists a field . @ and a non-trivial Severi-Brauer surface S

over L, such that pe3 x (p, % 13) is a subgroup of Aut(S).

3. [5, C. Shramov] Let S be a non-trivial Severi-Brauer surface over field of
characteristic zero. Then any finite subgroup of Bir(S) is conjugate either to
a subgroup of Aut(S), or to a subgroup of p3.

g

Balanced product

Let

,» be a cyclic group of order n.

Let n be a positive integer and
k
n
n= H )
i1
where p; are pairwise different prime numbers. One has canonical isomorphism
K
= T matp),
i1

where ji5(p1) = a7

Definition

Let g be a prime number. Suppose that n is divisible only by primes p;
and let x : pg — p, be a homomorphism. We say that y is
composition with each of the projections g — p1,(p;)* is an embedding. We say
that a semidirect product G of 1, and 1, corresponding to the homomorphism y
is balanced if x is balanced.

= 1(mod q)
balanced if its

It was proven that there is a universal example of non-trivial Severi-Brauer variety,
whose group of automorphism contains all possible finite subgroups and, moreover,
in the case of dimension 2 its group of birational automorphism contains ug.

Let ¢ > 3 be a prime number. There exists a field k C Q and a non-trivial Severi—
Brauer variety X of dimension g — 1 over L = k(t), where t is a transcendental
variable, such that Aut(X) contains all groups 2, > (1, % pt,), where the semidirect
product is balanced. Moreover, if g = 3 then p3 C Bir(X).

1
The last theorem states that for any integer k > 1 there is a universal example of
non-trivial Severi-Brauer variety, whose group of automorphism contains all possible
finite subgroups with respect to k.

Theorem 4, S.

Let / be any prime number. Let g > 3 be a prime number and / # q, let k
be a positive integer. Then there exists a field k C T/ and a non-trivial Severi—
Brauer variety X of dimension ¢ — 1 over K = k(t) such that Aut(X) contains
all groups 1, % (1, % pg), such that the following conditions on those groups are
met:

1. One has n =[], pj", where p; are pairwise different prime numbers such

that vg(ord,,(/)) = k for 1 <i < m;
2. The semidirect product is balanced.

We only considered the case where the degree of a central simple algebra and
characteristic of the base field are not equal.

Let X be a non-trivial Severi-Brauer variety over base field K. What can one tell
about the finite subgroups of Aut(X) if char(k) = dim(X) + 17

In Theorems 2 and 4 one has tr.deg K = 1 over Q in the first case, and over I in
the second case, where K is a base field. In positive characteristic there is no
non-trivial Severi-Brauer variety over algebraic field, so tr.deg K > 1 in this case.
So there is a following question:

Are there any universal examples of non-
K, such that K C Q7

al Severi-Brauer variety over a field

iterature

o F. Chatelet. Variations sur un théme de H. Poincaré. Ann. Sci. Ecole Norm.

Additionally, the case where the base field has positive characteristic was developed.

Denote by ord,(/) the minimum integer r such that /" — 1 is divisible by p.
Let v,(/) be the maximum r such that / is divisible by q".

It was proven that in this case not all of the finite group described in Theorem 1
can be actually realized.

Theorem 3, S.

Let / be any prime number. Let K be a field of characteristic /. Let X be a non-
trivial Severi-Brauer variety of dimension g— 1 over a field K, where g > 3 is prime
and | # q. Then there exists a positive integer k such that for any finite subgroup G
of Aut(X) there exists a positive integer n = []""; p/’ such that vg(ord,(/)) = k
for 1 <7< mand G is isomorphic to a subgroup of ftg X (kt, X f1,), where the
semidirect product is balanced.

Sup. (3), 61 (1944), 249-300.

a |. Dolgachev, V. Iskovskikh. Finite subgroups of the plane Cremona group.
Algebra, arithmetic, and geometry: in honor of Yu. I. Manin. Vol. |, 443-548,
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Cambridge Studies in Advanced Mathematics, 101. Cambridge University
Press, Cambridge, 2006.
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o A. Savelyeva. Finite subgroups of automorphism groups of Severi-Brauer
varieties. arxiv:2503.20514



HucHeBUy-n10KanbHble 9KBUMBATIEHTHOCTY /11 TIOKATbHbBIX OTKPBITHIX Nap
YPA3GAEB A. A.

Paccmorpum JtoKasibHBIE IJI3JIKME OTKPBIThIE ITaphbl HaJl IPOU3BOJIBHON cxeMoil B, ux Kjaccuduka-
W0 C TOYHOCTHIO 10 HUCHEBUY-JIOKAJIBHBIX IKBUBAJIEHTHOCTEH M MOTHUBHBIX IBUBAJIEHOCTEH, U TPYIIILI
romopdusmos B kareropun DM(k), rae k — nponssosibHOe 110J1e. A MMEHHO

e J0Ka3aHbl HuUCHEBHY-JIOKAILHBIC SKBHBAJCHTHOCTH JIs JIOKAJLHBIX OTKPBITHIX IIap HAJ, IPOU3-
BOJILHOI cxeMoil B, 1 1cce0BaHbl HEeKOTOPble HeoOX0IUMbIE yCIOBUs 9KBUBAJICHTHOCTH Iap BUIA
X/(X — ), rue x — 3aMKHyTas TOUKa [VIAJIKON cxeMbl X HaJj HETEPOBOIi OTHeMMOil cxeMoii B,

e BLIYUCIEHB! rPyTIBl romomopdusmos Homp gy (U, (AL, —z))[l]) m HomDM(B)((Ai — 20), (A} —
z21)[1]), U € Smy, 2o € Allc’ z21 € Allcv leZ.

st 3aMKHYTOTO BJIOXKHUS Tyaakux B-cxem Z — X xopormro m3BectHa HucHeBUI-I0KabHAS SKBU-
BaJIEHTHOCTH

(U, U— Z) ~ s (Z % A&codimU Z7 7 % (AcodimU zZ 0)) (01)
[Toygeno 06001eHEe yKA3aHHOTO (DAKTa HA MPOU3BOJILHBIE CXEMBI Z .

Teopema 0.2. Ilycmov Xy, X7 € Smp das wemeposoti omdeaumoti cxemor B, xg € Xo, 1 € X,
Uy = SpecOx, 2, u Ui = Spec Ox, 5, - sokarvnuidi cremol, Zo u Z1 samrnymoe nodcxemv, Uy u Uy .
IIpednonoocum, wmo

dimB UO = dimB U1

(ZO)red =~ (Zl)red~

mozda ecmb Hucresuy a0kaabhas SK6USAAEHIHOCTID OMKPOIMBLLE Nap Had B
(Uo,Uo — Zp) ~nis (U1, U1 — Z1); (0.3)

6 mepmunar xamezopuu Schp axeusasenmmuocms (0.3)) osnauaem naawuue caedyrowets Kommymamuenot

duazpammol
étale étale

Ugy+—T —U;

J.].]

Ig+—0 —— 74

8 KOmopol, 6ePMUKANDHBIE CIMPEAKU — 3AMKHYMDBLE BAOHCEHUSA 3GOUHHDBIE NO YCAOBUIO, BEPTHUE 20PU3OH-
MAALHBIE CMPENKU ABAAIOMCA IMAALHOLMU, HUNCHUE 20DU3OHMANLHBLE CIMPEAKY ABAAIOMCA U3OMOPHU3-
MAMU, U 004 KOMMYMAMUBHIT KEAOPAMA ABAAIOMCA PACCAOCHHBLMU, M. E.

FXUOZ()%@%FX(AZL

Bameuanue 1. Ins sesikoit mapst cxem (U, U — Z) € Schly™, Ge3 orpannuenus obuHocTn cxemy Z J0Imy-
CTHMO CUHTATDH IMPUBEIEHHON MOCKOIBKY nMeeT MecTO PaBeHCTBO U — Z = U — Zieq OTKPBITBIX MOJICXEM

U.

OkeuBajeHTHOCTH PO-00beKTOB X /(X — Z) ~ X' /(X' — Z') B cTabuiibHO MOTHBHOI roMOTOIINYE-
ckoii kareropun SH(B) u kareropun motusos Boesojckoro DM (B) panee GbL1H JJOKa3aHbI € HCIOJIb30Ba-
HueM 1rectu pyHKTOPOB I'poreninka, a mMeHHO (DYHKTOPOB f IO OTHOIIEHUIO K OTAEJIMMBIM MOP(MU3MaM
KOHeuHoro Tuma HaJ B mocrpoennsix B [Cisinski-Deglise-Triangmixedmotives|. Ilpusenéunas Boire
TeopeMa BJICUET SKBUBAJIEHTHOCTH B KATETOPHUH IIyYKOB C OTMEYEHHOI TOYKON, U KaK CJIeJICTBUE B HECTA-
OGUIBHON MOTHUBHON TOMOTOIMYecKoil kKareropuun Mopens-Boesojickoro ¢ ormedentoit Toukoit. OrmeTrnm,
9TO 9KBUBAJIEHTHOCTH C OTMEYEHHO TOYKON II€PEXOUTh B 9KBUBAJEHTHOCTb 0€3 OTMEYEHHON TOYKH IO~
cpesicTBOM 3abbiBarorero gpyuakropa. Crexyer TakyKe OTMETUTDb, UTO MPUBEIEHHOE HUXKE yTBEPIKICHUE
nMeeT GoJiee TPOCTOE JIOKA3aTEIHLCTBO, OCHOBAHHOE HA , KOTLJIa I0JIsl BEIYETOB B COBEPIEHHBDI.

Caencrsue 0.4. [Tycmv Xg, X1 — enadkue cremu, wad B, u xg, r1 — 3amrnymoe mouxu, Xg # X,
X1 # x1. Ipednonosicum, wmo dim™ Xy = dim™ X, u noas 6viuemos 6 mouwke To u T1 — U30MOPHHbL.
Tozda cywecmeyem A0KAALHAA FKEUBAAECHMHOCb NYuKkos8 Hucnesuua ¢ ommewernotd moukol

Xo/(Xo — o) ~nis X1/(X1 — x1),



U KK caedcmeue MOMUBHAA IKEUBAACHIMHOCTIVG MOTMUBHIT TPOCTNPAHCME

Xo/(XO — .230) ~ ot Xl/(Xl — 331) S H.(B)
6 momuenotli 2omomonuveckol kamezopuu Mopeas-Boesodckozo ¢ ommeuennot mowkoti H*(B) [MV].
Samenanue 2. Bmecro cumsona X/(X — Z) € H*(B) cnenyer paccmarpusars X /(X4 — Z), Korza

X — Z ue miorHo B X.

Kosb ckopo MBI TOBOpUM O KjIacCupUKAIIAN, TO CIeAyeT OOCYIUTh M UMILINKAIIMIO B OOPATHYIO CTO-
POHY, a IMEHHO JI0KAa3aTeIbCTBO HE N30MOP(U3MOB, T.€. YTBEPXKJICHNS B TOW WJIK UHO CTEIIeHN 00paTHBIE

K TeopeMe [0.2 u cirencrsmo [0.4]

YrBepxkaenue 0.5. [Tycmv B — 3mo Hemeposa omoesumas crema.

IIpednonootcum, wmo ecmv usomoppusm Xo/(Xo — zo) =~ X1/(X1 — x1) ¢ H*(B), daa xaxuz-mo
Xo, X1 € Smp u 3amrnymur movex xo € Xg, x1 € X1, moada

dimy Xy = dim% X; € Z,

po(wo) = p1(x1) € B,sdegy Lo = sdegg, L1, (0.6)

2de po: Xog — B, p1: X1 — B — cmpyxmypnse moppusmo, Ko u Ly — noas eviuemos 6 po(xo) u o,
mootce camoe oas K1 u L.

Bropas gacth ucciemoBanus 0000IIaeT pe3yabTaThbl O IPyITax MOpMU3MOB, KOTOPBIE IS COBEp-
IIEHHBIX GA30BBIX MOJIEH ABIATCS CIIeACTBUAMI pe3yabraros [MVWI.

Teopema 0.7. IIycmv C € Smy, makas, wmo dimg C =1, u D — 3amkHymas npusedeHHas HOAOMEDPHAA
nodcrema.

Toz0a umeem mecmo KGGSUUSOMOP¢U3M KOMNAEKCOB8 NYHKOB S’apuccnoeo Ha Smk

o

Cor(— x AL, C/(C — D))) = k[— x5 D], (0.8)

2de nPasas 4acmb PACCMAMPUBLEMCH KAK KOMNAEKC COCPEIOMOYEHHDIT 6 CMeneny Hoav. s ecarxol
U € Smy, umeem mecmo ecmecmseeHHvill U30Mophu3m

0, 14 1,0,
Pic(U x D), 1=0.

Teopema 0.10. IIycmov Vy = A}C — 29, V1 = A}C — 21 0AS NPOUBOALHBLT 3AMKHYMBLE MOYEK 20 U 27.
Tozda umeem mecmo u3omopphusm 2pynn

Hompwix) (Vo/pty, Vi/pty) = Corg (20, 21), (0.11)

u Hompwng k) (Vo/Pty, Vi/pty(l]) =0 daa l # 0.



[IpsiMoyTonbHBIE IUarpaMMbl CJIOEHUI

N. A. Jdpmaaukos, M. M. Yeprnasckux

Onpegnenenue 1. [lauxoli npamoyzosbHuKo6
HA3BIBAETCH YHOPAJO0YEHHOE CEMENCTBO MPs-
MoyroibHEKOB BHAa T(t) = [01(t);02(t)] X
[¢1(t); @o(t)], rume HeupepbiBHBbIE OTODOpPaAXKE-
must 01, 02, 1, @, u3 [0;1] B St obnamaror cie-
JYIOIUMA CBOUCTBAMMU:

(i) 61 u ¢y CTPOrO BO3pACTAIOT,
(ii) @2 u ¢ crporo ybwiBator,

(iii) g Beex t € [0;1] Beimosimeno O4(t) #
02(t), 1 (t) # palt).

Onpenesnenue 2. Ilycrs R — OpsiMOyToJib-
Hasg AuarpaMua 3areraenus. [Ipamoyzosvrot
Juazpammoti cAoeHus 8 JONOAHEHUY K 3aUen-
AEHUI ﬁ HA3BIBAETCS TAKONW KOHEUHBI HADOP
nauek {Py, ..., Py} OpsSMOyTrOJbLHHKOB, 9TO:

1. grobwrie gpe maukn P, Pj, ¢ # j, momapHO
HOYTH COBMECTUMBI (CM. DHUC.),

2. narpamma Iy (2) nosyuaercsa w3 ana-
rpaMMbl 1, (Z) KoHeuHOI mOCTETOBA-
TEJLHOCTBIO TMOJIOKUATENBHBIX  (DJIANTIOR,
CXJIOTIBIBAHUI / BBILyBAaHUI Iy3BIPEH, ¢ 1O~
ceyiomuM  J1I00aB/IeHIeM  JiarpaMMbl
TpyOKHU BOKpyT 3aremienus R suga . (R)
JJig wekoroporo € > 0, rue yepes
II,in(E) obo3magaerca nabop MOCTET-
HUX OpAMOYIOJBHHKOB B KaKIOI mad-
Ke {Tmin(jji)}izl,...,ky a Jepes Hmax(E) -
HA0OP HOCIETHAX IPAMOYTOILHAKOB KasK-
JL0# IaYKK {Tmax(jji)}izl,...,k

Omnpenenenne 3. KoopmentmposamHoe CJi0-
eure JF KopasMmMepHOCTH 1 HA3BIBACTCA My-
2UM, €CJIN CYIIECTBYeT 3aMKHYTas TPaHCBED-
caJjib, IIEPECeKAIoIasi BCE CJI0U JF.

Omnpegenenne 4. KoMIakTHBIE CTOU CTIOCHUST
nmeror 2aybuny 0.

Cuoit F' cnoenust F umeer eaybuny k, eciu
F\ F ectb obbeunenue cioés < k 1 COIepxHKuT
x0T 661 ojiuH cyioft riybuns k — 1.

Cuyioenne .# Ha3LIBAETCS CJIOEHUEM KOHETHOMN
r1yOWHBI, €CJTH BCE CJIOM UMEIOT [IyOUHY, MeHb-
myio Hexkoroporo k € N.

Teopema 1 (W. P. Thurston). ITycms L C S3
— sauenaenue, a F' — ez0 noseprnocms 3et-
depma. Ecau cywecmeyem myzoe caoenue Ha
M = S*\ N(L) ¢ xomnaxmuwim caoem F MM,
mo noseprrocmov F umeem naumenvuwud 603-
MOACHDITE POO.

Teopema 2 (1976; D. Gabai, 1983). Ilycmo
L c$? NPoOU3BOALHOE HEPA3EOJUMOe 30~
uenaenue, a F' — ezo noseprnocmov 3etiepma
Haumenvwezo poda. Tozda cywecmeyem myezoe
caoerue woreunoti eaybunst na M = S3\ N (L)
¢ Komnaxmuovim caoem F' O M.

Teopema 3 (1. A. Jdpmaukos, M. Y.). Jho-
6oe myeoe caoeHue Korewnol 2AyOurbE 6 JoNoa-
HEHUU K HEPA3EOOUMOMY 3AUCTIACHUIO MOIICET
O6vMb NPEICTNABAEHO NPAMOY20A4LHOT UG2PAM-
MOT CAOEHUA,.



IpAMOYTOJIbHUKOB

~ Puc. 3: Obpas nauku

Puc. 1: ComecTumMble nadyxku

Puc. 4. Huarpamma I ax

B JOINOJHEHNN K

y3iay bo u gumarpamma [y,

Puc. 2: Jlmarpamma ciroeHmst
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